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Inertia effects on the motion of long slender bodies
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A solid long slender body with curved centreline is held at rest in a fluid undergoing
a uniform flow. Assuming that the Reynolds number Re based on body length is
fixed, the force per unit length on the body is obtained as an asymptotic expansion
in terms of the ratio « of the cross-sectional radius to body length. In the limit of
large Re, this result is no longer valid and an asymptotic expansion in «Re is necessary.
A uniformly valid solution is obtained from these two expansions. The total force and
torque acting on a body with a straight centreline are explicitly determined. The
limiting cases of small and large Re are studied in detail.

1. Introduction

The motion of a fluid around a single isolated body has long received considerable
attention. While flow at low Reynolds number has been extensively studied
analytically (see for example Happel & Brenner 1963), the case of high-Reynolds-
number flow has been studied mostly by using numerical methods because of the
difficulty in dealing with the nonlinear inertia terms in the Navier—-Stokes equation.

However, by making an expansion in terms of the Reynolds number (assumed
small) the hydrodynamic force on a sphere and on an infinite cylinder placed in a
uniform flow was obtained by Proudman & Pearson (1957). The results for the sphere
were extended by Brenner & Cox (1963) to bodies of arbitrary shape.

Since the cases of moderate and high Reynolds number are of practical importance,
it is of interest to investigate the flow around a class of bodies of irregular shape for
which one may solve analytically the low equations including inertia effects. In this
paper, we calculate the hydrodynamic force acting on a long slender solid body of
arbitrary cross-sectional shape held fixed in a uniform flow field. The body centreline
need not necessarily be straight. If such a body is of length 2a and has a characteristic
cross-sectional lengthscale b, expansions of the velocity and pressure fields for the
flow about such a body are made in terms of the parameter x = b/a. Inertia effects
are included with the Reynolds number Re based on the body half-length a being
arbitrary and not restricted to any particular range of values. However, the
Reynolds number R based on the cross-sectional dimension b is agsumed small. Such
a body is a suitable model for a rigid fibre or thread-like particle. After the detailed
statement of the problem considered (§2), the hydrodynamic force per unit length on
the particle is calculated (§§3-5) by the method of matched asymptotic expansions.
Results for a particle with straight centreline and circular cross-section are then
considered in §6. It is then shown that in the case of a body of infinite length, the
expansion in terms of « ceases to be valid. Instead, an expansion in R is necessary.
This expansion is obtained in §7 together with a solution which is universally valid
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Ficure 1. A long slender body at rest in a fluid with an undisturbed uniform flow U.

in the double limit ¥ -~ 0, B — 0. The results for the force per unit length and the total
drag, lift and torque on the particle for various limiting cases are discussed in §8. In
particular a discrepancy between the present results and those obtained by Chwang
& Wu (1976) for a slender spheroidal particle is explained.

2. The general problem

Consider a long slender body whose cross-sectional shape is non-circular and varies
along the body centreline. The length of the body is 2a and the characteristic
dimension of the cross-sectional shape is b. The body centreline may be assumed bent
in any manner whatsoever as long as the radius of curvature of such a bending is at
all points of order a. The distance along the body centreline measured from the
centreline midpoint is s” (see figure 1).

Locally at a general point P on the body centreline we define a set of Cartesian axes
(¥',7’,Z’) and a set of cylindrical polar coordinates (5", #,2’) with origin at P and the
7’ axis tangent to the body centreline as shown in figure 2. The cross-sectional shape
of the body at P may be written as p° = bA(s, 8), where A is a dimensionless function
of s and 0. Here s is the dimensionless distance along the body centreline given by

=s/a (2.1)

so that —1 < s < 1 with the two ends of the body being s = —1 and s = 1. We assume
that the ratio « = b/a <€ 1, i.e. the body is slender.

The body is considered at rest in a fluid (of viscosity x and density p) in which there
is a uniform undisturbed flow field of (dimensional) velocity U. Associated with Uis
the constant free-stream pressure which, without loss of generality, may be taken to
be zero. We are interested in obtaining the drag force on the body in the limit as
x—0 with the Reynolds number Re = p|U|a/u based on the body length assumed to
be of order unity. The Reynolds number B = p|U|b/u = «Re based on the body cross-
sectional dimension then tends to zero. It is in terms of the parameter « that we shall
make expansions of the velocity and pressure fields. However, one should note that
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Ficure 2. The cylindrical coordinate system (g, 8,%") showing local cross-sectional shape.

this type of expansion must be singular since the flow locally around the long slender
body must be very nearly the flow around an infinite cylinder at zero Reynolds
number R, and it is well known (Stokes’ paradox) that it is impossible for such a flow
field to satisfy the equations of motion and at the same time to satisfy the no-slip
condition on the surface of the infinite cylinder and also to make the velocity tend
to the uniform flow at infinity.
The dimensionless position vector r, flow velocity # and pressure p are defined in
terms of the corresponding dimensional quantities 7', #” and p’ as follows:
r u ap’
= T p—,uU'
where U = |U|. Unless otherwise stated, we use unprimed variables to denote
dimensionless quantities. The vector 7 is the dimensionless position vector of a
general point relative to a fixed set of rectangular Cartesian coordinates with origin
0 (see figure 1) so that the body centreline itself is given by r = R(s). The governing
equations of momentum and continuity for (u,p), in dimensionless form are

(2.2)

Reu-Vu=V?u—Vp; V-u=0. (2.3a)

We intend to solve (2.3a) as an expansion in « using the boundary conditions
u—>e as r—> o (2.3b)
and u=0 on the body surface, (2.3¢)

where e is the unit vector in the direction of the uniform undisturbed flow. This will
require obtaining a solution as an outer expansion in « valid in a region (the outer
region), where r is of order unity, so that in this region lengths are made
dimensionless by a and, as k -0, the body becomes a line singularity (see figure 3).

At each point P (at r = Rp) of the body centreline one may define an inner
expansion in x for which 7 is used as the independent variable and & and 7 as
dependent variables, where 7, @ and p are given by

r—R,

F= P d=u, p=c«p. (2.4)

We write F= (Z,%,z), where the z, 7 and # are respectively ', ¥ and z’ made
dimensionless by b. In the inner expansion corresponding to a point P of the body
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Ficure 3. The outer region in which lengths are made dimensionless by a. The body becomes a
line singularity as « 0.

centreline, lengths are made dimensionless by b so that, as « >0, the body becomes
very much like a non-circular cylinder of infinite length. Actually, one has an infinite
number of inner expansions corresponding to each point of the line singularity
representing the body in the outer expansion. However, all such inner expansions
may be considered simultaneously by taking a general point P of the line singularity.
The inner expansion at such a point is then matched onto the solution of the outer
expansion at the same point P.

3. Matched asymptotic expansion
3.1. Inner expansion
At a general point P of the body centreline consider now the inner expansion. The

flow field (&, p) in the vicinity of the point P is to be computed by solving the
governing motion equations (2.3) expressed in inner variables, i.e.

kRei-Vi = Via—~Vp; V.=, (3.1)

with & = 0 on the body surface. Here V is the gradient operator with respect to the
(Z,7,Z)-coordinates.

No outer boundary condition will be imposed on @ at this stage since this will be
determined by matching.

Relative to the inner dimensionless coordinates Z, § and z, a dimensionless
cylindrical polar coordinate system (p,6,Zz) is defined with p = p’/b so that

T=pecostl, F=psinb. (3.2)

We suppose that A(s, 0) varies slowly with s. The value of # may then, at lowest
order, be calculated in the same manner as for Re = 0 (Cox 1970; Batchelor 1970) and
be shown to possess for p— oo the asymptotic form

(@y)5 ~ [2 In (%)+ 1} [O(x) cos 8+ D(«) sin 6]

+2(K,,cos0+K,,sin0)C(k)+2(K,, cos0+K,,sin0)D(«), (3.3a)
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(@) ~ [2 In (%)— 1] [D(x) cos 8 — C(x) sin 4]
+2(K,,cos0—K, sin)C(x)+2(K,,cos—K,, sinb)D(x), (3.3b)

(@), = B(x)In (K’; )+0(%), (3.3¢)

8.

Py ~ 4p [ C(k) cos 8+ D(k) sin 0]+ F(k). (3.3d)

Here K is a constant scalar and K;; a constant symmetric tensor whose values
depend only on the local cross-sectional shape (but not on the cross-sectional size) at
the point of the body considered (see Batchelor 1970). For a circular cross-section
K =1and K;; = 0. It will be seen later that C(x), D(«), E(x) and F(x) must be taken
as functions of «. The changing of (3.3) to outer variables yields the inner boundary
condition on the flow field (u,p) of the outer expansion. Using for the outer region
polar coordinates (p, 6, 2) corresponding to the (p,0,%) coordinates where

p=kp, z=x7, (3.4)

the inner boundary conditions on the outer flow field (#, p) may be obtained. In this
procedure in order that no terms singular in « should appear in the outer expansion,
it is seen that C(x), D(x), E(x) and F(x) must be of the form (see Cox 1970)

c, G, D, D,

C(K) = m W ooy D(K) = m'{'(ln,{)z ceey (35a,b)
B B —F 4+
E(K)_an+(an)2 [EX) F(K)—KF0+1nK+.... (35C,d)

Thus upon the use of (3.3), (3.4) and (3.5), it is seen that in the limit p >0, (i.e. for
a point » which moves in towards the singularity line r = R(s) at the point P), the
outer flow field (u, p) has the following form:

n« s

u, ~ 2(C,cos+D,sin )+ (%) {[202 +C,—2C,In (I—’g—)
oK, CI+K”D1)] cos0+[2D2+D1 —2D,In (ﬁ)

2
+2(K,, 01+Kw1)1)] sin 9}+0(L) , (3.60)

Ink

ug ~ —2(C,8inf—D, cos 0) + (lnik) {[ —20,4+0C,4+2C,In (1%)

~2(K,,C,—K,, Dl)] sin 6+ [202 —D,—2D,In (R#)

8.

2
+2(K,, CI+K”D1)] cos 9}+0(ﬁ) , (3.6b)

1 p 1\
uz~-—E1+(m)[—E2+E1ln(K—Rs)]+0(m—K) , (3.6¢)
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Ficure 4. The system of axes with unit base vectors L A
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2
p~F+ (ﬁ) [4p72(C, cos 6+ D, sin 6) + ] + 0(—1—) . (3.6d)

Ink

3.2. Outer expansion

We recall that the outer flow field (u,p) satisfies (2.3a) with the outer boundary
condition that w—>e as r—> oo (where e is a unit vector in the undisturbed flow
direction). From the form of the inner boundary conditions (3.6) on (&, p) it would
seem reasonable (Cox 1970) to assume (u, p) has an expansion of the form

certof LY L oP o LY
u—e+an+0(an), p—an+0(an , (3.7a,b)

where the zeroth-order term represents the free-stream flow. At a general point P on
the line singularity r = R(s) it is convenient to take a set of rectangular Cartesian
axes with unit base vectors i, i; and i; which lie in the same direction as the
(z,%,y)-axes at P (see §2). Thus i, lies in the direction of the tangent to r = R(s)
at P. Since the Z and 7 axes were arbitrary, one may now, for convenience, take i; to
lie in the plane containing i, and the velocity vector e (see figure 4). Thus the unit
vectors I, i; and i; are

e-[I—n . txe
= _[ . 2]%’ lg=——71, (3.8a,b,c)
[t—le-7*] [1—|e-¢2]

ip=t,

where ¢(s) = dR/ds is a unit vector in the tangent direction and / is the idemfactor.
The terms in (3.7) of order unity must behave near the line r = R(s) like the terms
of order unity in (3.6). Hence

ez =20, e;,=2D, e,=—EKE, 0=F, (3.9)

2

where e, e; and e, are the components of e along the z-, - and z-axes. Therefore,
upon using (3.8) the values of C,, D,, E, and F, are given by

C,=%i1—le-t?f, D,=0, E,=—e-t, F,=0. (3.10)
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By matching of terms of order 1/Ink in (3.7), it is seen that the flow field (u,, p,) near
the line r = R(s) must behave as p -0 like

(uy), ~ —2C, cos6lnp+(20,+ C, +20, In Ry(s) )
+2K,,C))cos0+2(D,+ K, C))sinf+...,
(4,)g ~ 20, sinOInp+(—2C,4+C,—2C, In B (s)
—2K,,C))sinf+2(D,+K,, C,)cosf+...,
(w,), ~E,Inp—E,—E, InKR (s)+...,
Py~ 4p~'C cos6+F +.... )

(3.11)

It can be shown (see Cox 1970) that the singular part of (4, p,) given by (3.11) (i.e.
the terms of order Inp for u, and of order p~! for p,) represents a line of force on
r = R(s) with strength f*(s) per unit length given by

FX(s) = (8C,) iy— (2nE,) i, (3.12)
which by (3.8) and (3.10) becomes
S*(s) = 4nle- (I—311)]. (3.13)

Upon substituting the expansions (3.7) for (u,p) into (2.3) it is seen that it is
identically satisfied at O(1/In«)® but that at O(1/Ink) one obtains

Ree-Vu, =Vu,—Vp,; V-u, =0. (3.14)

4. The outer flow solution
The governing equations (3.14) for the outer flow field (u,,p,) are to be solved
subject to the boundary condition

>0 as r-w (4.1)

and representing the line of force f*(s) on r = R(s). Equation (3.14) is Oseen’s
equation for a uniform flow in the direction e. It possesses a solution for u, and p, for
a point force (f,, f,,fs) located at the origin, given by (see Happel & Brenner 1970)+

1 0*
(u,); (r) = 8_1t|:fj 81‘]‘ Vzl/’(’) _fJ' a,:f‘é:j)]’

(4.2)
1 'r.f.
pl(r) =E%’
where r is the radial distance from the origin defined by
r=(rymy)t=1rl, (4.3)
and where 1(r) is defined by
9 1Re(r—e-r) { _ o—a
= g (4.4)

a

Y(r) =% .

t Repeated indices refer to summation over the index unless otherwise specified.
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Thus the flow field (u,, p,) due to the line of force f*(s) on r = R(s) is given by

1 1
(ul)z=§EJ gu f] S

(4.5a)
_Lf( ~B) gy as,
P g ) R
where the function g,(r) is defined by
Y (r
gi(r) = 8, V¥ (r)— i )- (4.5b)

Or,; Or;
The integration is taken over the line —1 < § < 1 and R represents the value of r at

apoint s = § on the line of force. The substitution of the value of f*(s) from (3.13) into
the above expressions yields

L[t -
(u1)t=§J gy;(r—R) (85, — t( §)(8)) e, d8,
- (4.6)
. .
(r;—R;) . .
= 85 —3t;(8) £4(8)) ¢, dS.
Y2 ,f—1 r— R|3 ( k k

In order to match this value (u,, p,) onto that of the inner expansion, one requires the

asymptotic behaviour of wu,, p,) near the line singularity r = R(s). Since the
integrands for u; and p, become singular on the line of force, we write

(w); = J+J¥, p,=H+H*, (4.7)

where J; and H are the integrals taken over the intervals (—1,s—¢) and (s+¢,1)
whilst J¥ and [H* are the integrals taken over the remaining interval (s—e¢, s+¢). The
quantity € is assumed to be an arbitrary constant (independent of «) very much
smaller than unity. Since the integrands only become singular at § = s if r lies on the
line singularity, it follows that the integrals J; and H have integrands with no
singularity, although the values of these integrals will tend to infinity as ¢ 0. Since
€ < 1, the integrals J¥ and H* may be simplified if one notes that s & § in the range
of integration. Therefore,

JE= %(8jk_%tj te) elclij’ H* = (8jk—%tj tlc)elclj’ (4.8)
where .
J‘s+e = . J‘s+e r.—R. d‘ (4 9)
1, = g,(r—R)ds, [, = —*ds. .
4 8¢ ”( 8—¢ IT—'RI3

For fixed but small €, as we approach the line singularity, i.e. in the limit as p -0,
the flow approaches that due to a line of constant force acting on the z-axis. Thus one
may obtain asymptotic forms of /;; and I, for p—>0. Then from (4.7) and (4.8) the
asymptotic forms of &, and p, may be obtained as

(uy), ~ —e,cos0Inp+e,(In2e+1)cosf+J, cosf+J,sinb,
(uy)p ~ e,sinflnp—e, In2esinf-—J, sinb+J, cosb, 0
(4.1

(1), ~ e,(~Inp+In2e—1)+J,

p,~2e,.plcos@+H
for p—0.
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Comparing these equations with the asymptotic form (3.11) of (u,, p,) near r = R(s)
obtained from the outer limit of the inner solutions, it is observed that the terms of
order In p in %, and order p~! in p, are identical (as they must be since solutions have
already been matched to this order). We obtain, on matching terms of order p°,

e;(In2¢+1)+J, =20,+C,+20,nR+2(K,,C,+K,,D,),
J, = 2D, +2K,,C,,
e(n2e—3+J,=—E,—E In(KR,),
H=F,.

(4.11)

By making use of the expressions (3.9) for €', D, and E,, the values of C,, D, and %,
may be obtained from (4.11). These, when substituted into (3.5), give the following
expressions:

C(k) =1e (Ink)! +%[ex (ln %E-f—%—Km) + Jx] (Ink)™2+... ,W
D) ={(J,—e, K,.)(Ink)2+..., w12)
E(k) =—e¢,(In K)“+[ez (anR‘+1)—J,] (Ink)~2+...,

2 2

F(ky=kK(lnk) 1 +....

5. Force on body

The total force per unit length acting on the body can be found from the
asymptotic form of the inner flow field, as p-> 00, or equivalently the outer flow, as
p—> 0. The evaluation of the force is carried out in a manner similar to Cox (1970),
where it is shown that the dimensional force per unit length f{s) is given by

S9)
2nulU

= —4C(x)i,—4D(x) i; + E(k) i,. (5.1)

If we substitute the expressions (4.12) for C(x), D(x) and E(x) into (5.1), and make
use of (3.8), we obtain fls) as

S _ pe—an( L 26N (gt
211:,uU_e [2e— 21 " + J+elnRs (¢e—21)
1)\2 1)®
+€'(%tt—l)+2€'K+€'”1nK:l(fn—K) +0(m) s (52)
where J is by definition a vector given by
1 s—¢ 1 - L a B .
Jp = 9 + 95 (R—R) (05, —3t,(8) £,.(5)) €, A8, (5.3)
-1 s+e.

where R is the value of 7 at the point on the centreline under consideration and R
is the value at the point on the centreline with s = §. Substitution of the value of g,

15 FLM 209
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obtained from (4.4) and (4.5b) yields the value of J; as

21 —e” 3Re[|R—R|—e- (R~ R)]] .
Ji(R) =—(f f ){ ~ (26”|R—R|
Re|R—R]?[|[R—R|—e-(R—R)]

———[8,|R—R*~ (R,—R,) (R,— R))]

IR—RI
_ 1

IR—Rl—e-(R—R)
_(Ri_ﬁ'_|R—ﬁ|€- R-—Rj—|R—ﬁ|ej)])

o—tReR—Ri-e- (R—R)]

[6,,/)R—R—|R— R e]?

+ =~ [0,/R—R—|R—Rjef*
IR—RI*[IR—R|—e-(R—R)]

—(R,—R,—|R—R|¢,) (R,—R,—|R—R| e,ﬂ} (;—¥;(9) tu(8) e,)d3. (5.4)

It should be pointed out that the value of f{s) given by (5.2) into which the above
value of J is substituted must be independent of the arbitrary small parameter ¢ with
the term (Ine¢)e- (¢2—2/) in (5.2) cancelling with the term in (In¢€) in the asymptotic
form of J for ¢ 0.

6. Straight centreline with arbitrary orientation

The results given in the previous section for the force acting on a long slender body
will now be used to determine the drag force for translation in an arbitrary direction
of a long slender body for which the body centreline is straight. The cross-scetion is
considered to be of arbitrary shape. We define a set of rectangular Cartesian axes
(71,75, 73) With origin 0 at the midpoint of the centreline and with the 7;-axis in the
flow direction. The body centreline, given by r = R(s), is thus

8) = sf3;, (6.1)
where # is the unit vector along the body axis (see figure 5). The dimensionless

resistance force per unit length f{s) given by (5.2) and (5.4) may, after a considerable
amount of calculation, be shown to be

2
Z{t(/i)U (lnl ) cos Of— 2e) + (lnlx) {i[Z cos fe — (2 — cos G+ cos? 6) f]

1 _e—%Re(l—cos 6) (1+8)
X
[—;—Re (1—cos)(1+s)

1 e—%Re(H—cos(?)(l 8) 1 P 2 E Re
1 1 —_ 1+
X[%Re(1+cosﬁ)( = ] s(cos O —2e) [E, [ Re (1 —cos ) (14 5)]

+1n (1 —cos 8)] —i(cos Gf—2e) [E,[3Re (1 + cos 0) (1 — )]+ In (1 + cos 6)]

—1}—%[2 cos e — (2 + cos 0+ cos? 6) B

3
—(cosOf—2e) (y+InjReR)+3cos0f—e+2e- K+ cosﬁﬂan}%—O(ﬁ) )
(6.2)

where y is Euler’s constant,
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Ficure 5. The orientation of the body with respect to the free stream.

is the exponential integral and where 6 is the angle between the free-stream direction

e and the body axis f, i.e. e-f = cosf. The total dimensional force F acting on the
body

1
F= af Sfls)ds (6.3)

-1

is therefore

F 2 1 \2(2cosfe—(2—cosB+cos?h)fB
- == - — ; [Re (1—cos @
2nuUa (lnx)(cosﬁﬂ 2e)+(ln/<){ 2Re (1 —cosf) LB [Be (1=cos )]
2 cosfe—(2+ cos B+ cos?H) B
In[Re (1 —cos8 — - —
+In[Re (1 —cos8)]+y—Re(1—cos8)] 3Re (11 cos0)

x [E,[Re (14 cos )] +In[Re (14 cos )] +y—LRe(1+cosb)]
— (cos 6f—2e) [E,[Re (1 —cos 8)]+1n (1 —cos 8) + E,[Re (1 + cos 0)]

1— e—Re (1—-co0s6) 1— e—-Re (1-+cos6) 1
+In (1 +cos )+ + +J InR,ds
-1

Re(l'—cosf))  Re(l+cosb)
1
+2(y+1niRe)]+ 3 cos 0ﬂ—2e+2e-j K(s)ds
-1
1 1 3
+ cos ﬁﬂf In K(s) ds}-l—O(—) . (6.4)
- Inx
The torque G acting on the body about the origin (the midpoint of the body

centreline) is

1
G, = ey B a"’f sf(s)ds, (6.5)
-1
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Fi6ure 6. The drag and lift components acting on the body.

where ¢, is the permutation symbol. Thus, upon the use of the expression for f{s)
from (6.2), one obtains the expressions for the torque as

G __1_—2{ cos
2nula®  \Ilnk) \|Re(1—cos6)

9 e Re(l-cosf) -
Xl: +2m—El[Re(1—~cost9)]—ln[Re(l—-—cos@)]—y]
cos e~ Re(l+cost) __
Re(l—f—cosﬁ)[ Re (1+ cos ) —E,[Re (1+cos6)]

—In[Re (14 cos 0)]~y}

9 1 { 1 e—Re(l—cos(?)
+ [_Re (l—cosﬁ)(- " Re (L—cosf) +Re (1 —cos0)>

1 { 1 e—Re(1+cos 6)
+ —_—
Re(1+cost9)( Re(1+cos¢9)+Re(1+cos¢9))

+f sln R (s) ds]}ﬂxe+2ﬂx [e-f sK(s) ds])—{—O(L)a. (6.6)
_1 4 Ink

6.1. The special case of circular cross-section
For a body with circular cross-sectional shape we have
K(s)=0 and InK(s)=0 for —1<s<1 (6.7)
with R (s) now being the cross-sectional radius at position s. If the body centreline
is taken to lie in the (r;,r,)-plane, the total force F acting on the body can be
decomposed into a drag component D parallel to the flow and lift component L

perpendicular to the flow (in the r,-direction) (see figure 6). Expressions for D and L
are thus obtained from (6.4) as

D —4n(2 - cos?H) +0( 1 )3

= a —_—
nla In K+FD(R6;0)+%f InR (s)ds Ink
-1

(6.8)
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where

cos?f

—%—[El(Re(l —cos )]+ In[Re (1 —cos )] +y—Re (1l —cos )]

Fp(Re;0) = {
cosZ 6

+2Re

[E,[Re (1 +cosf)]+1In[Re (1 +cos)]+y—Re(1+cost)]

—Re(l1—cos8) __ 1
Re(1—cosb)
—Re (1+cos8) __ 1
Re (1 +cosb)

1
2(2 —cos? )’

+(2—cos?0) [E,[Re(1—cos0)]— +1n (1 —cos 0)

+E,[Re(1+cos@)]— +1n (1+cos @)

+2(7+ln%Re)]+300520—2} (6.9)

and
L + 2w 8in 26

wUa

1 3
= e +0(m)’
an+FL(Re;0)+§J In B (s)ds

-1

(6.10)

where

(2—cos0+cos? ) sin §
2Re (1 —cos 8)

F,(Re;0) ={ [£,[Re (1 —cosB)]+In[Re (1 —cos )]

(2+ cos 8+ cos? f) sin 6

+y—Re(1=cos )=+ oos0)

[£,[Re (1+cos 8)]

+In[Re(1+cosf)]+y—Re(l+cos)]+3sin20 [El[Re (1 —cos 0]
e—Re(l—cos (] —1
" Re(1—cosb)

—Re(1+cosf) _ 1

+1n (1 —cos 0)+ E,[Re (1 + cos 8)]

e
B Re(1+cos8)

+ln(1+cos0)+2(7+ln%Re)]—-%sin20} (6.11)

sin 26"
From (6.6) the torque is found to be (0,0, G) where

Q 1\? . ! 1y
W = —27'5(1—1—17() [FG(R6,0)+2SlneJ\—lé‘lnRs(S)deI'f‘O(m) . (612)
where
oS 0 e—Re(l—cos o __ 1
F (Re,0)={—""" - -
olfte;0) {Reu—coso)[ e (I—oosg)  Lalfte(1—cos6)]
cos 0 e—Re (1+cos6) __ 1
—In[Re(1— )] —
n [fe (1~ cos )] 7’]+Re(1+cose)[ Re (L+ cos 0)

—E,[Re(1+ cos@)]—In[Re (1+ cos )] —y]

9 1 { 1— e—Re (1—cos &) 1
B [Re(l—cosﬁ)( - Re (1 —cos ) )—Re(1+cos0)

l_e—Re(l+cosa) 0 6
————————||:sin6. 1
x(l Re(1+cos6) )]}qm (6.13)
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Fiaure 7. The behaviour of &, as a function of Re for various values of 6.

The values of the integrals

+1 +1
f InR,(s)ds and J sln R (s)ds
-1 -1
appearing in (6.8), (6.10) and (6.12) may be readily calculated for a given body
shape, with the latter integral being zero for bodies with fore-aft symmetry.

It is convenient to recast the expressions for the drag and lift, namely (6.8) and
(6.10), into the following forms:

_ Fp(Re; 0) 13
D —DS[1+ = +0 e (6.14)
for the drag, and for the lift
F,(Re;0) 13
L=1L L7l — .
]S[1+ o ]+0(an) , (6.15)
where D and L, are the Stokes’ drag and lift given by
D —47(2—cos? 0 3
2= Al = ) +0(l;1—) (6.16)
# Ink+ Fp(Re = 0;0)—*-5] InR(s)ds K
-1
and .
L 2n sin 26
s — 1o +0<—1—) . (6.17)
Ink

- 1
mUa et (Re = 0;0)+%f InR,(s) ds
-1
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Fioure 8. Behaviour of %, as a function of Re for various values of 6.

The functions &}, and %, are defined by
Fp(Re; 0) = Fp(Re; 0)—Fj(0;0), (6.18a)
and F (Re,0) = F,(Re;0)—F_(0;0). (6.18b)

The behaviour of &,, &%, and F, as functions of Re, for different orientations
(0 =0°, 15°, 45°, 75°, 90°) is plotted in figures 7, 8 and 9 respectively. From figure 7
it is readily seen that &, is a monotonically increasing function of Re for any
orientation, indicating, as expected, an increase in the magnitude of the drag D as Re
increases for a fixed value of x (see (6.14)). Note also (figure 8) that the lift decreases
(in magnitude) with increasing values of Re (see (6.15)).

As far as the torque on the body is concerned, it is seen from (6.12) that the effcct
of fluid inertia is to cause an additional torque on the body of

d 1)

with the remaining term in (6.12) representing the torque on the body which would
exist at Be = 0 (for bodies lacking fore—aft symmetry). For bodies with fore—aft
symmetry the torque is just that given by (6.19) so that its behaviour can be
determined from F(Re;#) plotted in figure 9. Thus for such bodies it is observed
that, for any orientation, as the Reynolds number is increased from zero, the torque
increases (in magnitude) from zero to reach a maximum at a relatively low Reynolds
number (in the range 3 to 10), and then to decrease and vanish asymptotically as

Re — oo (not shown). For a body possessing fore—aft symmetry and sedimenting, there
seem to be only two orientations for which the torque @ is zero: 8 = 0° and 0 = 90°,
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Fieure 9. Behaviour of F, as a function of Re for various values of 6.

i.e. the body centreline is respectively in the vertical or horizontal direction. The
search for other orientations for which G vanishes (other than Re = 0) is difficult to
carry out analytically; however, F;, was calculated numerically for every 5° in the
range from 0° to 90° as well as being shown to be negative from the derived
asymptotic forms of F; from 6 - 0° and for 6 - 90° (not shown). Thus for 0 < 6 < im,
the torque G is positive and for in < 6 <=, ¢ is negative, so that as the body
sediments, it will rotate to the equilibrium horizontal orientation 6 = jn. This
orientation is stable whilst the equilibrium vertical orientation 6 = 0 is unstable.
This result is similar to that obtained by Cox (1965) for a spheroid of small
eccentricity (see also Leal 1980). For the case of the body not possessing fore—aft
symmetry the situation is different since the integral in (6.12) does not vanish and
also the centre of gravity of the body is not at its midpoint. Furthermore, for such
a sedimenting body the torque due to gravity (and buoyancy) about the origin (s = 0)
is of order 1/ln « {since the drag force which balances the gravity force is of order
1/In k) and hence dominates over the hydrodynamic torque given by (6.12). Thus it
follows that such bodies sediment with their centreline in the vertical direction and
their centre of gravity below their midpoint s = 0. Intermediate situations for bodies
deviating slightly from fore-aft symmetry can exist and may be expected to possess
equilibrium orientations at values of 6 different from ¢ = 0 and }r. These situations
require further investigation, and will not be considered here.

6.2. The low-Reynolds-number limit

The expressions for D, L and ( for the body of circular cross-section are now
considered for the case where Re is small. More specifically we seek the values of the
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functions Fj(Re;0), F (Re;0) and F,(Re;0) given by (6.9), (6.11) and (6.13)
respectively in the limit Re -~ 0. These are

Fp(Be;0) ~{2(1—4In2)+ (1 +41n2)cos?f

1
—1 g2 2 - - 2 2
+{2—Xcos? 0+ 5) cos 19]]‘36}2(2__00Sz 0)+0(Re Y, (6.20)
Fy(Re;0) ~ —1—2In2+4 (7+ cos? ) ; Re + O(Re?), (6.21)
and Fy(Re;0) ~ —35(sin 20) Be+ O(Re?). (6.22)

Brenner & Cox (1963) obtained an expression for the force exerted on a body of
arbitrary shape by a uniformly moving fluid at small Reynolds number. This force
may be written in dimensionless form as

1’; = 67'5[61_7 + %Re {3¢w - aij(¢ki €x el)}] ¢jm Cm> (623)

where ¢,; is the Stokes resistance tensor for the body and e; the unit vector in the flow
direction. Substituting into (6.23) the valuc of ¢, for a slender body obtained by Cox
(1970) expressions for ¥, and F;, may be obtained which are identical to those given
by (6.20) and (6.21).

7. The case of an infinite cylinder

The special case of an infinite cylinder of arbitrary cross-sectional shape is
considered in the present section. The force per unit length exerted by the fluid on
the body is calculated; in particular, the expression for the resistance of a straight
cylinder with uniform circular cross-section is compared to that obtained by
Proudman & Pearson (1957) valid for small Reynolds number R based on the radius
of the cylinder.

In terms of the present theory the force per unit length on an infinite cylinder is
obtained by taking the limit «—>0 keeping R =|U|b/v fixed but small. Upon
replacing Re in (6.2) by R/« and taking the limit as « - 0, the force per unit length

becomes .
flss C +D—C(lnR—an) 0( 1 ) 7 7.1)

2npa Ink (Inx)? Ink

where C and D are analytic at « = 0. For the present expansion procedure to be valid
the second term in the expansion must be much smaller than the first as « >0, i.e.

InR—1Ink
(Ink)?

R
Inx

as k—0. (7.2)

This shows that for the above theory to be valid, B must satisfy
R<k'™ as k-0, (7.3)

where d is a fixed positive constant much smaller than unity. Therefore for the case
of the infinite cylinder considered by Proudman & Pearson for which x = 0 with R
fixed and small, the condition (7.3) is violated. It is obvious that under these
conditions the result of Proudman & Pearson cannot be obtained. Thus some
modifications to the present theory are required to obtain an expression for the
resistance force on a slender body in the limit « -0 with R fixed and small (i.e. when
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Figure 10. Inner and outer regions of expansions for (@) expansion in (Ink)™! and

(b) expansion in (InR)™.

(7.3) is violated). It turns out that these modifications are minor and the procedure
necessary is described below.

We first consider the case of a cylinder of finite length (with centreline not
necessarily straight and cross-section not necessarily circular) and seek an expansion
for the foree per unit length in terms of (In 2)™! rather than (In)™! in the limit as
R —0. In the outer region the characteristic length is now taken to be v/[U| (whereas
previously it was taken to be a). A comparison between the regions of expansion for
the expansion in (In x)™! and for the expansion in (In B)™! is shown diagrammatically
in figure 10. We denote by § = s’|U}/v the new dimensionless arclength, so that § =
sRe. The tilde over any variable indicates its value in this new outer region (i.e. made
dimensionless with respect to v/|U|) so that 4 = u and § = p/Re. In the inner region
the characteristic length remains b. Consequently the inner governing equations
together with the boundary conditions are exactly as considered previously in §3;
inertia effects are neglected since they are of O(R). The inner boundary conditions for
the outer solution remain exactly as in (3.6) with In « replaced by InR. In the outer
region the governing equations become

G-Via=—-Vp+Vii; V-a=0 (7.4)

with the boundary condition
d—+e as F—c0. (7.5)
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Expanding @& and § as

i—er i o( ALY 5o Piof LY

""e+1nR+0(1nR)’ P=neto\nr (7.6)
and following exactly the same procedure as in §3.2 the force per unit length then
becomes

S8 _ e-(tt—2I) (—1—)+[(f+eln%)-(tt—2l)

2ru0 InR R,
31— 1) +2¢-K k@[ L) +o(LY
Bt — K(§ . —_ -
+e-(3 )+ 2e-K(5)+e-ttin (s”)](lnR) +0<lnR) (7.7
where R; is identical to R, but expressed as a function of § instead of s, and where
- 5—¢ Re - 2 A
Ji:(f +f )%(Re=1;R—R)d§. (7.8)
~Re §+e

The integrand J# in this expression has exactly the same form as the one in (5.4) with
Re and R— R substituted by 1 and R— R respectively. Upon changing variables in
(7.8), one obtains

ji=(f_e‘+f )f(Re;R—R)dg, (7.9)

with e* = ¢/Re. J, has exactly the same value as J; but with e* instead of . We now
show that there is an overlap of the domains of validity for the expressions (7.7) (for
R -0 with Re # 0, fixed and finite) and (5.2) (for « >0 with Re # 0, fixed and finite).
The force f{s), given by (5.2), may be written in the form

3
o= e g O .10
where A@s)=e-(1t—21) (7.11)
and
B(s,Re) = (J+e1n%i)-(tt—2I)+e-(gtt—l)+2e-K+e-tt1nK. (7.12)

From the expression for J given by (5.4) it may readily be shown that B(s, Re) tends
to a finite limit as Re -0 (corresponding to the solution for Re = 0) and also that
B(s, Re) ~ — (In.Re) A(s) + O(Re®) (7.13)
as Re - oo (as may be shown by changing variables s* = sRe and R’ = Re R in (5.4)).
Equation (7.7) can be written as
As) A(s)+B(s,Re)+InReA(s) 0 BEY
2nua InR (In R)? InR

since as € >0, J(¢) ~—elne+ 4,4+ 0(1), where A4, is a constant independent of ¢, so
that

(7.14)

.7(6)=J(1%)=—e1n(1%)+A = J(e)+eln Re. (7.15)
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Ficurg 11. [[]| Domain of validity in (R, «)-diagram of (7.10). E Domain of validity in
(R, k)-diagram of (7.14). B Common domain of validity of (7.10) and (7.14).

Expansion (7.10) is valid for Re — 0, while expansion (7.14) is valid for Re— o0, since

by (7.13), B(s, Re)+ (In Re) A(s) is finite in this latter limit. Now for Re fixed and as
«— 0 one has

1 1 In Re 132
mE nk (nee (f‘) (7.164)
1 1 (1) ,

which upon substitution into (7.14) yields (7.10), showing that both expansions are
valid for non-zero and fixed Be as x - 0. Thus there is a common domain of overlap
between the two expansions. While (7.10) is valid only as long as (7.3) is satisfied, it
may be shown in a similar manner that (7.14) is valid only as long as Re is not too

small with
Kk < R

(where 4 is a fixed positive constant much smaller than unity). This condition will
ensure that as k -0, R — 0, the second term in (7.14) is much smaller than the first,
The regions of validity for (7.10) and (7.14) in the (R, «)-plane are shown in figure 11.

The force per unit length fls) given by (7.10) and (7.14) can, in their domains of
validity, be written respectively as

[ A) By
— i (ns) -
A,(s)
Jfils) _ s
2npU Ay(s) +()<—1—)3 i
lnR-—]nRe_%%e_) InR J
i

where A and B are given by (7.11) and (7.12). Thus a uniformly valid expression for
Sf1s) for the double limit B —~0 and « -0 is given by

Jils)

A,(s)

2null

B,(s, Re)

In g — 222

Ay(s)

Al

)|

In

mi) |

(7.18)
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It is to be emphasized again that the equivalence of the two forms of expansions,
namely (7.17a) and (7.17b) ceascs to hold in the case of total absence of inertia, i.e.
Re = 0, or that of an infinite cylinder, i.c. as Re > oo. In particular, when Re—0,
(7.17a) must be used, and when Re - oo it is (7.17b) which becomes valid although
(7.18) can be used for either case. Thus results for drag, lift and torque written in the
forms (6.8), (6.10) and (6.12) may be considered as being universally valid.

The force per unit length f{s) (determined by (6.2)) on a straight circular cylinder
with slowly varying cross-sectional radius £ (s} when compared with (7.10) gives the
values of A(s) and B(s, Re). Taking the limit as Re - o0 and substituting into (7.14)
yields the force per unit length in this limit as

fs) (1 —oe)— (1Y cos op— in?
QTE/I,U_( )(cosﬁﬁ 2e) ( ){2(cos0ﬁ 2e) [In (sin®9)

InR InR

1 3
+2(y—In4)+2In R (s)]—cos 0+ e} + 0 (ﬁ) . (7.19)

Setting 6 = im and R (s) =1 into (7.19), one obtains the drag force on an infinite
circular cylinder of constant radius placed perpendicularly to the flow as

Ss) —2e La
2TE/IU_lnR+y—§—2lnz+0 Ink (7.20)

which agrees with the result obtained by Proudman & Pearson (1957) for this case.

It is worth noting that (7.19) with R (s) = 1 gives the drag force per unit length on
an infinite cylinder making an angle 6 with the flow direction. However, this result
ceases to be valid in the limit 6 —0°, i.e. when the body centreline is aligned with the
flow direction: the term In(sin®() becomes singular. This is to be anticipated
since in this case the boundary-layer thickness grows continuously without limit as
the distance from the upstream cylinder end increases.

8. Discussion

The drag force on a slender spheroid with its symmetry axis placed perpendicular
to the flow direction has been obtained theoretically by Chwang & Wu (1976) under
the same conditions as has been assumed here, namely « € 1, R € 1 with Re of order
unity. For this casc with 6 = 90° and R, = (1—s?)}, the value of D given by (6.8)
gives

o - ! (8.1a)
8nulla  (Ink™')—{E,(Re)+Re'(1—e R¢)+In (LRe)+y—3 )
whilst that given by Chwang & Wu is
D ! (8.15)

Smula — (Ink™") = (B, (G Re)+1n (Re) +y—F

The reason for this discrepancy is that Chwang & Wu were unable to perform a
proper matching procedure at all points along the body axis (because they had
previously assumed incorrectly that the drag force per unit length would be
independent of position along the body axis). Instead they performed the matching
at only one point on the body axis, namely the centre, and in so doing obtained a
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result (8.15) which was only approximately correct. For Re—>0, (8.1a) and (8.1b)
agree to order Re™ with both giving

D 1 8.2)
8nula  (Ink ')+ (3+In2)—1Re+..." ’
However for Re — oo, the present result (8.1a) gives
D 1
(8.3a)

8nula ~ (InR Y —y+8+1n2
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Freure 12. Dimensionless drag force per unit length f,/2nulU (given by (8.9)) plotted as a function
of dimensionless distance a*/a from the body nose for Rk = (b*U/av) = 10™* for various body
shapes: (a)» = 0,a cylinder; (b) n = §; (¢) » = }, a paraboloid and (d) n = 1, a cone. Graphs are drawn
for various values of Re§? (6 is in radians).

whereas that of Chwang & Wu, (8.15), gives

D 1
8nulUa (InR™M)—y+1i+2In2’

(8.3b)

In this limit Ke— oo, if one takes the drag force per unit length of body as that given
by (7.20) (obtained by Proudman & Pearson) with Reynolds number based on the
local cross-sectional radius (i.e. R is replaced by B4/1—s? in (7.20)) and integrates
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along the body axis, the drag force D obtained is that given by the present result
(8.3a) (and not by (8.3b) obtained by Chwang & Wu).

An interesting use of the result (6.2) for the force per unit length on a slender body
with straight centreline is the calculation of the way in which the drag force/unit
length f, = f-e varies along a slender body close to the nose s = —1 for when the
body is aligned (¢ = 0) or almost aligned (¢ < 1) with the flow direction. We therefore
consider

<1, t<1,

where t = s+ 1 is dimensionless distance back from the body nose. If the dimensional
cross-sectional radius is b* = B ka at a distance a* =ta from the body nose
(b* <€ a*), then we obtain for Be—0

/ (@a*)? 5o a7
This, as expected, depends on the body length (however long it may be) and does not
change rapidly with 6. However for Ee - 0,

o el
Sl [l (U b*)+ln2 75 E 6% |+1n ™ 6 ; (8.5)

which is independent of @ and changes rapidly when 8 is of order (a*U/v)™# (which is
small if a*U/v » 1). This is expected since now a boundary layer forms at the body
nose so that the ﬂow behind the nose is not affected by the low downstream (and
hence by the length of the body). In addition, changes in flow occur for 6 ~ (a*U/v)™*
since this is the value of & for which, at a distance a* behind the nose, the body passes
outside of its own wake. It is to be noted that the result (8.5) takes the form

fo v a* = a*U\™
Smul In Iy +In2—-1ty for 6 < ”

-1 * v%
21{‘“(] I:ln(M0> +2ln2—y} for 0>(avl]> .

and the form

For body nose shapes of the form
b*/b = (a*/a)® where n 20 (8.8)
(8.5) reduces to

fo
2ruU

~[ln(RK)_%—(n )ln( )+ln2 v

31 (e (D)) s arerr (S s

where Bk = (bU/v) (b/a) < 1. This dimensionless drag force per unit length has been
plotted as a function of the dimensionless distance (a*/a) from the nose, for various
body shapes (n =0,1,3, 1) in figure 12, from whlch it is observed that the drag per
unit length can either decrease (n = 0), increase (n = £, 1) or pass through a minimum

(n =) as one moves downstream from the nose. If f;, the r, component of f (see
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figure 6) is the lift force per unit length, then calculations show that (—f,/2n0)
has qualitatively the same behaviour as f;,

The behaviour of the drag and lift forces per unit length on the body observed
above for Ee > 0o with 6 small is reflected by the total drag D, lift L and torque G
on the body. From (6.8)—(6.13) we can obtain for § >0 with a general value of Re

D B 1 +1 .
tnpal ~ [ln (k 1)—§{j_1 In R, ds+E,(2Re)+1In (2Re)+y+2—41n2

+%( l(2Re)+ln(2Re)+)/+1—2Re—e‘2m)}]_l, (8.10)

+1
L —ﬁ[ln (K"l)—-%{f InR ds+E,(2Re)+1n (2Re)+y—41In 2
-1

—Re™(E,(2Re)+1n (2Re) +y—1+ é‘““)}jlhl, (8.11)

G +1
——— ~ f(In (K‘l))_z[—2j slnR ds+1
-1
+§—;§;{E1(2Re) +In(2Re)+y—4+2Re (1 —e‘““)}jl. (8.12)
These results (8.10)—(8.12) are not valid for 8 + 0 with Re > 1 (for which Re 6? is of
order unity), the equations (6.8)—(6.13) then yielding the following results (valid for
the entire range of Re):

D n (k-1 ([ o L
dnpal [l (k™) Q{J_l In 2 ds+E,(3Re 6% +1n (3Re 6°)
1

(e73R¢%" _ 1)+ E (2Re)+In 2Re—In 2—% (e8¢ —1)

2
+2)/—3ln2-—Re‘92
+2—1E;[E1(%Re 0*)+In (3Re 0*)+ 2y — L Re 6°

+ E,(2Re)+In (2Re)— 2Re] + 1}]_1, (8.13)

+1
~—0[ln (K_l)—l{j InR, ds+ 2 —— (K,(3Re %)+ In (3Re 6°)
2\ ), Red

+y—LiRe@?+1—e ¥y L B (1Re0?)+1n (ARe0?)+2y —1—4In2

4npual

—1—;(; [E,(2Re)+1n (2Re) +y + (e 2R —1)]+ E,(2Re) +In (2]%@)}]_1 . (8.14)

G L ‘ +1 Y
27tWZUNB(IH () 2[_2J_ISIHR d9+R BZ{E 1Re 6%)+1n (A Re 62) + v}

- ¢ 2 -
+ﬁ{lf/1(2Re) +1n (2Re) +y——4+§ (1—e 2Re)}:|. (8.15)

These results, for a finite cylinder (B, = 1) with « = 107® have been plotted in
figures 13, 14 and 15. Thus it is seen that in the limit of § -0, the dimensionless drag
and lift increase monotonically with Re (as was observed in figures 7 and 8 for larger
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Figure 13. Dimensionless drag force (D/4mnpal) plotted as a funection of Reynolds number
Re = al//v for various values of 8 for a circular cylinder [R, = 1] with « = 107® (6 is in radians).
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FicURE 14. Dimensionless lift force (—L/4nual@) plotted as a function of Reynolds number
Re = aU/v for various values of @ for a circular cylinder with xk = 1073 (8 is in radians).

values of 0) but increase more rapidly with Re when 6 is such that the body passes
outside of its own wake (Ref* > 1). The dimensionless torque in the limit 60
increases from zero at Re = 0 to a maximum value of 1.013(In (x7!))? at Re = 37.44,
thereafter tending asymptotically to a value of (In («7*))? as Re - co. However, when
# is such that the body passes outside of its own wake (Re#® > 1) the dimensionless
torque instead tends to zero as Re— 0.
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Ficure 15. Dimensionless torque (G(Ink)2/2nuaU6) plotted as a function of Reynolds
number Re = aU/v for various values of @ for a circular eylinder (6 is in radians).

If we consider the dimensionless torque G/2mua?U as a function of 8, then for
Re > 0, equations (6.12) and (6.13) yield for a body with fore-aft symmetry

G
2npuatl
x{2InRe+2y+ (1 +cosf)In (1 —cosf)+ (1 —cosB)In(1+cosh)}. (8.16)

(In (k™ 1))2Re "t cot 6

For Re— o0, this possesses a maximum for a value of ¢ of
6 ~ \/2e' 7 ReE, (8.17)

¢
2rpatl

1

for which = (In (k™1))224/2e? 1 Re 2, (8.18)
From this result (and from figure 9) and from (6.8) and (6.10), it is interesting to note
that, considered as a function of 8, the drag D is a maximum for § = It and the lift
|L| a maximum for § = ir for all values of the Reynolds number Re. However, the
torque |(7] is & maximum at § = 6%, say, where 6* decreases from i at Re = 0 to zero
for Re— o0 (with asymptotic value given by (8.17)).

9. Concluding remarks

The general theory, presented in §§2-5, gives the force per unit length fls) acting
on a long slender body of arbitrary cross-sectional shape and with curved centreline.
The body is assumed placed in a uniform undisturbed flow. The ratio « of cross-
sectional dimension to body length and the Reynolds number B, based on the cross-
sectional dimension, are assumed small. However, the results obtained, given by
(5.2), were found to be valid for « >0 and B — 0 only if the inequality (7.3) is satisfied.
In §7, these results were modified to obtain the force per unit length on the body
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(given by (7.18)) which was uniformly valid for all «x and R as «—>0, R~ 0. These
results have been used to solve a varicty of interesting problems. These include:

(i) The calculation of the force and torque acting upon a long slender rigid body
placed in a uniform flow. This is carried out by direct application of (5.2). The case
of a body with straight centreline and circular cross-scction is presented in §6. In
particular, the drag on the body is found to increase as the Reynolds number Re,
based on the body half-length, increases for fixed «, while the lift on the body is found
to decrease as Re increases. It is also established that, for any value of Re, a body
possessing fore—aft symmetry would, as it sediments, orientate itself so that its
centreline is horizontal.

(ii} The flow at low Reynolds number (i.e. in the limit Ee - 0). The expressions for
the drag and lift on the body for this situation are given in §6.2 and are found to agree
with those obtained by Brenner & Cox (1963).

(iii) The case of flow around an infinite cylinder of arbitrary shape. This is
considered in §7, where the force per unit length acting on the body is obtained from
(7.17b) as an expansion in 1/InR instead of 1/Ink, since for an infinite cylinder
« = 0. An expression for the force per unit length, given by (7.19) is obtained for
an infinite cylinder at an arbitrary orientation relative to the flow. In particular, the
force on an infinite circular eylinder placed in a cross-flow is determined and found
to agree with the result obtained by Proudman & Pearson (1957).

(iv) The translation of a slender spheroid in a direction perpendicular to its
symmetry axis. The present theory (§8) corrects earlier results obtained by Chwang
& Wu (1976).

(v) The calculation of the force per unit length and also the total drag, lift and
torque on a slender body (with straight centreline and circular cross-section) in a
uniform flow in the limits of Ee - 0 and Ee — oo (§8). Of particular interest is the casc
of Re -~ oo with the body centreline aligned or nearly aligned with the flow direction.
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